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Entanglement plays a central role in quantum technologies, yet its characterization and control in
materials remain challenging. Recent developments in spectrum-based entanglement witnesses have
enabled new strategies for quantifying many-body entanglement in macroscopic materials. Here, we
develop a protocol for detecting spin-orbital entanglement using experiment-accessible resonant inelastic
x-ray scattering. Central to our approach is the construction of a Hermitian generator from measurable
spectra, which allows us to compute the quantum Fisher information (QFI) available in spin-orbital
systems. The resulting QFI provides upper bounds for k-producible states and thus serves as a robust
witness of spin-orbital entanglement. To account for realistic experimental limitations, we further extend
our framework to include relaxed QFI bounds applicable to measurements lacking full polarization
resolution.
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As research on quantum materials deepens, a wide range
of many-body phenomena, which fundamentally depart
from the single-particle band theory at the core of tradi-
tional solid-state physics [1,2], have been discovered.
These phenomena, ranging from high-Tc superconductivity
to quantum spin liquids, are driven not by individual
electrons but by collective behavior across the entire
system, governed by many-body entanglement. As a result,
entanglement has become both a signature of quantum
matter and a critical resource for emerging technologies in
quantum computation, teleportation, and sensing [3–5].
Quantitatively measuring and controlling entanglement in
real materials has evolved into a new research frontier [6].
A major advance in recent years stems from the develop-

ment of spectrum-based entanglement witnesses, which have
enabled the detection of entanglement in macroscopic solid-
state systems [6,7]. Neutron scattering experiments have
successfully leveraged this approach to uncover multipartite
spin entanglement in magnetic chains [8–10], quantum spin
liquids [11], and strange metals [12,13]. These measure-
ments rely on a formal correspondence between the dynami-
cal spin response and the quantum Fisher information (QFI),
a metrological quantity that characterizes the magnitude of
quantum fluctuations [14,15]. By constructing QFI from
spin operators and comparing the experimentally inferred
values to those of Greenberger–Horne–Zeilinger states, one
can perform rigorous Bell-type tests for entanglement.
Despite its broad utility, this approach is often built on

the assumption of a two-level system, inherited from the
qubit paradigm in quantum information [16]. However, this

simplification may obscure the structure of entanglement in
correlated materials, where spin, charge, and orbital
degrees of freedom are intertwined [17–20]. For instance,
in transition-metal materials, the low-energy manifold
frequently includes multiple nearly degenerate orbitals;
in heavy-fermion compounds, strong spin-orbit coupling
further complicates the picture. As a result, restricting
spatial entanglement to the spin sector may underestimate
or misrepresent the many-body entanglement. Furthermore,
recent advances in x-ray scattering techniques now allow
for simultaneous probing of spin, charge, and orbital
excitations [21–24], further motivating entanglement
probes incorporating intertwined degrees of freedom.
In this Letter, we investigate spin-orbital entanglement in

systems where spin and orbital degrees of freedom are
intrinsically nonfactorizable. Because Hermitian orbital exci-
tations are generally inaccessible in experiments [25], we
introduce a practical entanglement witness based on a pair of
polarization-reversed resonant inelastic x-ray scattering
(RIXS) measurements. This approach enables the construc-
tion of an effective Hermitian operator and its corresponding
QFI metric to quantify joint spin-orbital excitations. We
further examine both tight and relaxed bounds of this metric
under different experimental conditions.
When focusing exclusively on spin excitations, the QFI

is realized through the spin excitation operators, typically
expressed in momentum space as Sq ¼

P
j e

iq·rjSj. This
formulation implicitly assumes that orbital degrees of
freedom are either frozen or irrelevant for entanglement.
To capture spin-orbital entanglement in quantum materials,
we begin by formalizing the structure of the local Hilbert
space. Unlike pure spin models, the local Hilbert space at
each lattice site, constructed from local Wannier orbitals, is
naturally extended as
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Hi ¼ Hspin
i ⊗ Horb

i

¼ spanfj↑i; j↓ig ⊗ spanfjλijλ ¼ 1;…; Norbg: ð1Þ

As shown in Fig. 1(a), this expanded Hilbert space
incorporates both spin-1=2 and the full orbital manifold
at site i, occupied by a single electron or hole. Here, jλi
denotes a local orbital basis, and Norb is the number of
active orbitals per site. While Norb may, in principle, be
infinite (spanning over core and unoccupied states), it is
usually truncated to a physically relevant subspace com-
posed of valence and conduction orbitals. For example, in
transition-metal compounds such as cuprates or infinite-
layer nickelates, the physically relevant space is the fivefold
3d manifold: fdx2−y2 ; d3z2−r2 ; dxy; dxz; dyzg [26].
A pure many-body state is said to be separable if it can be

written as a direct product of local states, jΨsepi ¼
jϕ1i ⊗ � � � ⊗ jϕNi, where each jϕii lies within the local
Hilbert space Hi as illustrated in Fig. 1(b). This formulation
assumes that there is no inter-site tunneling and that local
particle numbers are strictly conserved. If these assump-
tions are violated, a fermionic many-body formalism is
required, where conventional mode-based witnesses
become inadequate [5,27–32]. Within this framework,
the notion of k-producibility extends naturally to the
spin-orbital Hilbert space. A pure many-body state
jΨk−prodi is k-producible if it factorizes into nonoverlapping
partitions, each involving no more than k sites:

jΨk−prodi ¼ jΦ1i⊗ jΦ2i⊗ � � �⊗ jΦmi; jPlj≤ k: ð2Þ

Here, each jΦli denotes an irreducible many-body state in
partition Pl, with no more than k spin-orbital degrees
of freedom. The set of such states thus defines a bounded
hierarchy that provide a natural basis for quantifying
multipartite entanglement.

A central requirement for measuring QFI in solid-state
systems is that it be constructed from the off-diagonal
fluctuations of a Hermitian operator associated with the
relevantmode [6,7,16]. In practice, however, suchHermitian
excitations are not always experimentally accessible, as
elaborated below. This challenge is particularly pronounced
when probing spin and orbital degrees of freedom, for which
RIXS has emerged as a powerful spectroscopic method.
RIXS is especially effective due to its sensitivity to orbital
excitations that are forbidden in conventional optical spec-
troscopy [33–37].RIXSaccesses these excitations indirectly
via a two-step process: an incident x-ray photon excites the
system into a short-lived intermediate state via a dipole
excitation, and this state subsequently decays by emitting a
second x-ray photon. The difference in energy and momen-
tum between the incoming and outgoing photons encodes
thedynamical responseofvalence electrons.TheRIXScross
section follows the Kramers–Heisenberg formula [21],

Iðq;ω;ωinÞ ¼
1

π
ImhΨfðqÞj

1

H−EG −ω− i0þ
jΨfðqÞi; ð3Þ

where the final-state wave function jΨfðqÞi depends on the
incident photon energy ωin,

jΨfðqÞi ¼
X
j

eiq·rjDðϵsÞ†
j

1

H0 −EG−ωin − iΓ
DðϵiÞ

j jGi: ð4Þ

Here, q and ω denote the momentum and energy transfers,
respectively, andEG is the ground-state energy. The operator

DðϵÞ
j ¼ P

αβ MαβðϵÞh†jαcjβ describes transitions between the
core and valence levels, with ϵ ¼ ϵi=s labeling the polariza-
tion of the incoming or outgoing photon. In this expression,
cjβ annihilates avalencehole,h

†
jα creates a corehole at site rj,

andMαβðϵÞ denotes the dipolematrix element between spin-
orbital states indexed by α and β. (For the convenience of the
latter examples, we employ the hole language in this Letter,
but the framework also applies to electron langauge.)
The intermediate Hamiltonian H0 includes the presence of
the core hole and its coupling to valence electrons, and the
parameter 1=Γ sets the lifetime of the intermediate state.
Although the finite lifetime of the core hole distinguishes

RIXS from conventional two-point dynamical correlators, a
rigorous treatment of entanglement witnesses in the RIXS
spectrum requires modeling the core-level Hamiltonian
[32]. To focus on the interplay between spin-orbit entan-
glement and preserve the locality defined in Eq. (2), we
employ the ultrashort core-hole lifetime (UCL) approxi-
mation (Γ → ∞), a widely used limit for capturing collec-
tive excitations [38,39] [see Supplemental Material (SM)
for a discussion of finite lifetime effects [40] ]. In this
limit, the RIXS final-state wave function simplifies to
jΨfðqÞi ≈ iT qðϵi; ϵsÞjGi=Γ, where the scattering operator

FIG. 1. (a) Schematic illustration of the local Hilbert space
Hi ¼ Hspin

i ⊗ Horb
i , with spin and orbital degrees of freedom at

each site. (b) Example of a separable spin-orbital state.
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T qðϵi; ϵsÞ captures polarization-resolved valence-band
excitations:

T qðϵi; ϵsÞ ¼
X
j

eiq·rjDðϵsÞ†
j DðϵiÞ

j

¼
X
j;αβ

eiq·rjTαβðϵi; ϵsÞc†jαcjβ: ð5Þ

All spin-orbital excitations accessible by RIXS are
embedded in the matrix Tαβðϵi; ϵsÞ ¼

P
γ M

�
γαðϵsÞMγβðϵiÞ,

which depends solely on the polarization configurations.
In general, both T q and Tαβ are non-Hermitian.

Consequently, even in the UCL limit, the RIXS operator fails
to satisfy the Hermiticity condition necessary for extracting
QFI [7], and this limitation becomesmore severewhen finite-
lifetimecorrections fromEq. (4) are included (seeSM[40]and
Ref. [25]).Accordingly, the zero-temperature spectral integral
of RIXS,

Γ2

Z
∞

0

Iðq;ω;ωinÞdω ¼ hT †
qT qi − hT †

qihT qi ¼ hT †
qT qic;

ð6Þ

cannot be interpreted as a genuine quantum fluctuation. Here,
h� � �ic denotes the cumulant expectation value, and polariza-
tion dependence has been omitted for brevity. While it has
been proposed that including anti-Stokes contributions might
restore Hermiticity [25], these processes are exponentially
suppressed at low temperatures and typically obscured by
noise, precisely where entanglement is most robust.
To address this limitation, we construct a Hermitian

generator for the QFI using only the Stokes contribution.
Specifically, we consider an operator closely related to
T qðϵi; ϵsÞ:

Oqðϵi;ϵs;φqÞ ¼
1ffiffiffi
2

p
h
eiφqT qðϵi;ϵsÞþ e−iφqT †

qðϵi;ϵsÞ
i
; ð7Þ

which is Hermitian by construction. The QFI associated
with this operator for a pure state takes the form

FQ½Oqðϵi; ϵs;φqÞ� ¼ 2hT †
qT qic þ 2hT qT

†
qic

þ 4Re½e2iφqhT 2
qi�: ð8Þ

The first term corresponds exactly to the RIXS spectral
weight defined in Eq. (6). The second term, hT qT

†
qic, is not

captured by Eq. (6), but becomes experimentally accessible
by reversing momentum and exchanging the incident and
scattered photon polarizations. This yields a scattering
operator,

T −qðϵs; ϵiÞ ¼
X
j

e−iq·rjDðϵiÞ†
j DðϵsÞ

j ¼ T †
qðϵi; ϵsÞ; ð9Þ

whose full integral provides the second term in Eq. (8).
The third term, involving hT 2

qi, generally vanishes except
at specific high-symmetry points such asq ¼ ð0; 0Þor ðπ; πÞ.
To eliminate this termentirely,we exploit the phasedegree of
freedom in Eq. (7). Specifically, we select a Hermitian
operator Ōqðϵi; ϵsÞ ¼ Oq½ϵi; ϵs; φ̄qðϵi; ϵsÞ� such that

φ̄qðϵi; ϵsÞ ¼
π

4
−
1

2
ArgðhT qðϵi; ϵsÞ2iÞ: ð10Þ

This choice nullifies the third term in Eq. (8). With this
optimized phase, the resultingQFI for Ōq is then expressible
purely through experimentally accessible RIXS spectra,

FQ½Ōqðϵi;ϵsÞ�¼2Γ2

Z
∞

0

h
Iðq;ϵi;ϵs;ωÞþIð−q;ϵs;ϵi;ωÞ

i
dω:

ð11Þ

For a k-producible state jΨk−prodi, it is bounded by [14],

FQ½Ōqðϵi; ϵsÞ� ⩽ k
XN
j¼1

½λðmaxÞ
j − λðminÞ

j �2; ð12Þ

where λðmaxÞ
j and λðminÞ

j denote the largest and smallest

eigenvalues of the Hermitian matrix T̄ðj;qÞ
αβ ðϵi; ϵsÞ ¼

eiðq·rjþφ̄qÞTαβðϵi; ϵsÞ þ e−iðq·rjþφ̄qÞTαβðϵs; ϵiÞ, respectively.
Violation of this inequality indicates at least (kþ 1)-partite
spin-orbital entanglement. Unlike recent proposals relying on
anti-Stokes contributions with Boltzmann weights [25], our
approach instead utilizes only the Stokes response (ω > 0),
offering significantly enhanced robustness for low-temper-
ature entanglement detection.
In contrast to spin systems, which often feature unified

probe operators, the Hermitian operators and their asso-
ciated QFI bounds in spin-orbital systems are intrinsically
material dependent. In particular, the evaluation of the

eigenvalue spread Δλj ¼ λðmaxÞ
j − λðminÞ

j requires explicit
knowledge of the matrix Tαβðϵi; ϵsÞ. This matrix originates
from the dipole transition elements MαβðϵÞ, which are
computed via ab initio single-electron integrals involving
localized Wannier orbitals:

Mαβðϵi=sÞ ¼ e

ffiffiffiffiffiffiffiffiffiffiffi
ℏωi=s

2ε0V

s Z
d3rψ�

αðrÞðϵi=s · rÞψβðrÞ: ð13Þ

Here, ψαðrÞ represents the localized Wannier wave func-
tions, ωi=s is the photon frequency, ε0 is the vacuum
permittivity, and V is the quantization volume. Although
these dipole elements are frequently represented in the
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spin-orbit-coupled j basis [38,48], the resulting eigenvalue
spectrum remains invariant under basis transformations.
To exemplify the practical evaluation of QFI bounds, we

consider cuprates, a canonical family of strongly correlated
systems where low-energy excitations are dominated by the
Cu 3d orbitals. Extensive studies have revealed active
orbital excitations and their interplay with spins in cuprates
[49,50], a topic of renewed interest due to emerging
parallels in superconducting nickelates [51–53]. The QFI
bound in Eq. (12) depends on both the scattering momen-
tum q and the polarization configurations. This structure
naturally enables RIXS measurements performed across
different momentum-polarization settings to serve as a
sequence of independent entanglement probes, analogous
to performing multiple Bell-type tests [54,55]. We adopt
the scattering geometry depicted in Fig. 2(a), where the
polarization vector ϵ is parameterized by the polar angle θ
and the azimuthal angle ϕ. In this fixed geometry, the

momentum transfer q ¼ kin − kout is uniquely determined
by the incident and scattering angles ðθi; θsÞ, with jqj ¼
2k sin½ðθi þ θsÞ=2� for jkinj ≃ jkoutj ¼ k. For each setting,

we compute the dipole matrix elements MðϵiÞ
αβ correspond-

ing to Cu L-edge transitions involving 2p core orbitals and
use these to determine the eigenvalue spread Δλj.
We first employ a spherically symmetric atomic orbital

basis to estimate MðϵiÞ
αβ . In this approximation, the wave

functions ψαðrÞ for both core and valence orbitals are
spherical harmonics that obey selection rules [see solid
lines in Fig. 2(b)]. The matrix elements can then be
evaluated analytically using the Wigner–Eckart theorem,
which decomposes each element into a Clebsch–Gordan
coefficient and a radial integral [see SM for derivations
[40] ]. For convenience, we express the QFI in a dimen-
sionless form FQ=f0, with f0 ¼ e2ℏ2ωiωs=4ε20V

2 [56]. As
shown in Fig. 2(c), when both polarizations lie in the
scattering plane (the π − π configuration), the QFI bounds
vary strongly with the total angle θi þ θs between the
beams, reaching a maximum when the incident and
scattering beams are perpendicular. By contrast, rotating
either polarization into the perpendicular direction (the π-σ
or σ-π configuration) enforces a fixed relative polarization
angle to π=2 regardless of the beam geometry. Owing to the
spherical symmetry of the bases, this yields constant QFI
bounds across all angles [see Fig. 2(d)]. Notably, these
values coincide with the maxima achieved in the π-π
configuration at orthogonal polarization. For a fixed geom-
etry and polarization configuration, the QFI bounds for k-
producible states are obtained by linear rescaling the k ¼ 1
bound according to Eq. (12).
Estimates based on atomic orbitals assume idealized

spherical symmetry, which breaks down in realistic crys-
talline environments. To better capture the electronic
structure of cuprates, we perform high-precision quantum
chemistry simulations of the CuO2 plane using the exact
two-component complete active space self-consistent field
(X2C-CASSCF) method [57]. This ab initio simulation
variationally incorporates spin-orbit and orbital anisotropy
in a many-body context [see SM for details [40] ]. Using
this method, we recalculate the dipole transition operators

MðϵiÞ
αβ . As shown in Fig. 2(e), the resulting QFI bounds for

the π-π polarization channel now exhibit dependence on
both θi and θs, unlike the atomic bases, where they depend
only on the sum of the two angles [see Fig. 2(c)]. Likewise,
for the π–σ (or σ–π) polarization channels, the QFI bounds
are no longer uniform but instead vary with θi (or θs).
However, they remain insensitive to the angle associated
with the σ-polarized beam since its polarization is inde-
pendent from the angle [see Fig. 2(f)].
Each RIXS measurement [together with its conjugate

defined in Eq. (11)], specified by a given polarization
configuration and momentum, provides a lower bound on
entanglement depth, and combining multiple measurements

(e) (f)

(d)(c) 

(a) (b)

FIG. 2. (a) RIXS experimental geometry. Incident and scattered
photon wavevectors define the gray scattering plane. (b) X-ray-
induced core-to-valence transitions. Solid arrows represent dom-
inant dipole-allowed channels, while dashed arrows denote
transitions enabled by crystal-field anisotropy. (c),(d) Dimension-
less QFI bounds at fixed azimuthal angle ϕ ¼ 0, computed using
spherically symmetric atomic orbitals for (c) π–π and (d) π–σ or
σ–π polarizations. (e),(f) Angular dependence of k ¼ 1 QFI
bounds computed using molecular orbitals based on X2C-
CASSCF for (e) π–π and (f) π–σ polarizations.
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progressively tightens this bound. In practice, however,
many beamlines cannot fully resolve photon polarizations,
especially for the scattered photons entering spectrometers.
Under such circumstances, the measured spectrum becomes
an incoherentmixture of polarization channels, expressed as

IðmpÞðq;ωÞ ¼
X

ϵi;ϵs ∈ fπ;σg
wðϵi; ϵsÞIðq; ϵi; ϵs;ωÞ: ð14Þ

Here, wðϵi; ϵsÞ denotes the weight of each polarization
configuration. Because these weights are a priori unknown
and generally do not satisfy reversal symmetry [i.e.,
wðϵi; ϵsÞ ≠ wðϵs; ϵiÞ], the conjugate-pair construction
required for Eq. (11) is no longer applicable.
Even without a directly accessible Hermitian operator for

constructing QFI, the integral of the mixed-polarization
RIXS spectra still admits an upper bound by a crude
estimate [see detailed derivations in SM [40] ]:

4Γ2

Z
∞

0

IðmpÞðq;ωÞdω ⩽ max
ϵi;ϵs

fFQ½Ōqðϵi; ϵsÞ�g

þ 2Nmax
ϵi;ϵs

fλmaxð½T†ðϵi; ϵsÞ; Tðϵi; ϵsÞ�Þg; ð15Þ

where λmaxðAÞ denotes the largest eigenvalue of matrix A.
The first term on the right side of Eq. (15) represents the
convex envelope of the polarization-resolved QFI bounds
from Eq. (12) and thus scales as OðkNÞ for a k-producible
state, providing spin-orbital entanglement witness. The
second term in Eq. (15) produces an offset linear in system
size N but independent of the entanglement depth k.
Although this contribution cannot be experimentally
removed in mixed-polarization RIXS, its magnitude can
be computed accurately for specific materials from the
single-site commutator ½T†; T� using quantum chemistry.
Figure 2 presents the bounds for k-producible states

obtained by mixed-polarization RIXS. The angular depend-
ence of the resulting bounds is shown in Figs. 3(a) and 3(b),
which display a representative θi ¼ 0 cut and the full
scattering geometry, respectively. In comparison with the
polarization-resolved QFI bounds in Fig. 2, the mixed-
polarization bounds are substantially looser at all entangle-
ment depths due to the loss of polarization specificity.
Although more conservative manifesting as an offset for the
k ¼ 1 upper bounds, the hierarchy of bounds retain the
relative separation between k-producible states, indicating
that the mixed-polarization protocol remains sensitive to
multipartite entanglement.
To explore this further, we examine two practical scenar-

ios: one in which the incident beam is fixed to π polarization
and one in which both incident and scattered polarizations
are unresolved. The corresponding k ¼ 1 bounds, shown in
Figs. 3(c) and 3(d), reveal new regions of enhanced intensity,
e.g., near θi ¼ θs ¼ π=2. These regions do not necessarily
correspond to strong RIXS intensity, but instead arise from
the geometry’s insensitivity to polarizationmixing, illustrat-
ing how unresolved polarizations obscure entanglement

information. Therefore, for best results under polarization-
unresolved conditions, it is advantageous to select scattering
geometries for which the mixed-polarization bounds in
Figs. 3(c) and 3(d) most closely approximate the polariza-
tion-resolved bounds in Figs. 2(e) and 2(f). Such geometries
offer the tightest bound conditions for quantifying entangle-
ment depth under mixed-polarization RIXS measurements.
In summary, we present a RIXS-based strategy to detect

spin-orbital entanglement in quantum materials by con-
structing Hermitian generators from non-Hermitian scatter-
ing operators using paired conjugate geometries. This
framework yields scattering geometry- and polarization-
resolved bounds for k-producible states, determined by the
local eigenvalue spread of the scattering matrix elements.
We further extend this approach to experimentally relevant
scenarios where polarization cannot be resolved. In this
case, we obtained a more conservative bound than fully
polarization-resolved bounds that relies on a single polari-
zation-unresolved RIXS spectrum. Together, these results
establish a practical hierarchy of QFI-based entanglement
witnesses applicable to a broad range of RIXS measure-
ments. Our results significantly broaden the scope of RIXS-
based entanglement witnessing beyond magnetically
ordered systems.
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information and multiparticle entanglement, Phys. Rev. A
85, 022321 (2012).

[15] G. Tóth and I. Apellaniz, Quantum metrology from a
quantum information science perspective, J. Phys. A 47,
424006 (2014).

[16] R. Costa de Almeida and P. Hauke, From entanglement
certification with quench dynamics to multipartite entan-
glement of interacting fermions, Phys. Rev. Res. 3, L032051
(2021).

[17] J. S. Davis and D.-H. Lee, Concepts relating magnetic
interactions, intertwined electronic orders, and strongly
correlated superconductivity, Proc. Natl. Acad. Sci.
U.S.A. 110, 17623 (2013).

[18] A. M. Oleś, P. Horsch, L. F. Feiner, and G. Khaliullin, Spin-
orbital entanglement and violation of the Goodenough-
Kanamori rules, Phys. Rev. Lett. 96, 147205 (2006).

[19] W.-L. You, A. M. Oleś, and P. Horsch, Von Neumann
entropy spectra and entangled excitations in spin-orbital
models, Phys. Rev. B 86, 094412 (2012).

[20] D. Gotfryd, E. M. Pärschke, J. Chaloupka, A. M. Oleś, and
K. Wohlfeld, How spin-orbital entanglement depends on the
spin-orbit coupling in a Mott insulator, Phys. Rev. Res. 2,
013353 (2020).

[21] L. J. P. Ament, M. van Veenendaal, T. P. Devereaux, J. P.
Hill, and J. van den Brink, Resonant inelastic X-ray
scattering studies of elementary excitations, Rev. Mod.
Phys. 83, 705 (2011).

[22] T. Tohyama, Resonant inelastic X-Ray scattering in strongly
correlated electron systems, J. Electron Spectrosc. Relat.
Phenom. 200, 209 (2015).

[23] M. Mitrano, S. Johnston, Y.-J. Kim, andM. Dean, Exploring
quantum materials with resonant inelastic X-ray scattering,
Phys. Rev. X 14, 040501 (2024).

[24] F. M. de Groot, M.W. Haverkort, H. Elnaggar, A. Juhin, K.-
J. Zhou, and P. Glatzel, Resonant inelastic X-ray scattering,
Nat. Rev. Methods Primers 4, 45 (2024).

[25] T. Ren, Y. Shen, S. F. TenHuisen, J. Sears, W. He, M. H.
Upton, D. Casa, P. Becker, M. Mitrano, M. P. Dean, and
R. M. Konik, Witnessing quantum entanglement using
resonant inelastic X-ray scattering, arXiv:2404.05850.

[26] A projection operator is inherently nonunitary and generally
breaks the separability between spin and orbital sectors.
Therefore, a truncated orbital Hilbert space provides an
equivalent description only if it covers all relevant excitations.

[27] J. Schliemann, J. I. Cirac, M. Kuś, M. Lewenstein, and D.
Loss, Quantum correlations in two-fermion systems, Phys.
Rev. A 64, 022303 (2001).

[28] G. Ghirardi, L. Marinatto, and T. Weber, Entanglement and
properties of composite quantum systems: A conceptual and
mathematical analysis, J. Stat. Phys. 108, 49 (2002).

[29] G. Ghirardi and L. Marinatto, General criterion for the
entanglement of two indistinguishable particles, Phys. Rev.
A 70, 012109 (2004).

PHYSICAL REVIEW LETTERS 136, 116504 (2026)

116504-6

https://doi.org/10.1038/nphys4302
https://doi.org/10.1038/nmat5017
https://doi.org/10.1038/nmat5017
https://doi.org/10.1088/1367-2630/7/1/229
https://doi.org/10.1103/PhysRevA.73.012110
https://doi.org/10.1103/PhysRevA.73.012110
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1002/qute.202400196
https://doi.org/10.1002/qute.202400196
https://doi.org/10.1038/nphys3700
https://doi.org/10.1103/PhysRevResearch.2.043329
https://doi.org/10.1103/PhysRevResearch.2.043329
https://doi.org/10.1103/PhysRevLett.127.037201
https://doi.org/10.1103/PhysRevLett.127.037201
https://doi.org/10.1103/PhysRevB.107.054422
https://doi.org/10.1038/s41567-023-02259-1
https://doi.org/10.1038/s41567-023-02259-1
https://doi.org/10.1038/s41467-025-57778-7
https://doi.org/10.1038/s41467-025-57778-7
https://arXiv.org/abs/2403.12779
https://doi.org/10.1103/PhysRevA.85.022321
https://doi.org/10.1103/PhysRevA.85.022321
https://doi.org/10.1088/1751-8113/47/42/424006
https://doi.org/10.1088/1751-8113/47/42/424006
https://doi.org/10.1103/PhysRevResearch.3.L032051
https://doi.org/10.1103/PhysRevResearch.3.L032051
https://doi.org/10.1073/pnas.1316512110
https://doi.org/10.1073/pnas.1316512110
https://doi.org/10.1103/PhysRevLett.96.147205
https://doi.org/10.1103/PhysRevB.86.094412
https://doi.org/10.1103/PhysRevResearch.2.013353
https://doi.org/10.1103/PhysRevResearch.2.013353
https://doi.org/10.1103/RevModPhys.83.705
https://doi.org/10.1103/RevModPhys.83.705
https://doi.org/10.1016/j.elspec.2015.05.017
https://doi.org/10.1016/j.elspec.2015.05.017
https://doi.org/10.1103/PhysRevX.14.040501
https://doi.org/10.1038/s43586-024-00322-6
https://arXiv.org/abs/2404.05850
https://doi.org/10.1103/PhysRevA.64.022303
https://doi.org/10.1103/PhysRevA.64.022303
https://doi.org/10.1023/A:1015439502289
https://doi.org/10.1103/PhysRevA.70.012109
https://doi.org/10.1103/PhysRevA.70.012109


[30] K. Eckert, J. Schliemann, D. Bruß, and M. Lewenstein,
Quantum correlations in systems of indistinguishable par-
ticles, Ann. Phys. (Amsterdam) 299, 88 (2002).

[31] C. V. Kraus, M. M. Wolf, J. I. Cirac, and G. Giedke, Pairing
in fermionic systems: A quantum-information perspective,
Phys. Rev. A 79, 012306 (2009).

[32] T. Liu, L. Xu, J. Liu, and Y. Wang, Entanglement witness for
indistinguishable electrons using solid-state spectroscopy,
Phys. Rev. X 15, 011056 (2025).

[33] F. Gel’mukhanov and H. Ågren, Resonant inelastic X-ray
scattering with symmetry-selective excitation, Phys. Rev. A
49, 4378 (1994).

[34] S. Butorin, J.-H. Guo, M. Magnuson, P. Kuiper, and J.
Nordgren, Low-energy d-d excitations in MnO studied by
resonant X-ray fluorescence spectroscopy, Phys. Rev. B 54,
4405 (1996).

[35] G. Ghiringhelli, N. Brookes, E. Annese, H. Berger, C.
Dallera, M. Grioni, L. Perfetti, . f. A. Tagliaferri, and L.
Braicovich, Low energy electronic excitations in the layered
cuprates studied by copper L3 resonant inelastic X-ray
scattering, Phys. Rev. Lett. 92, 117406 (2004).

[36] J. Schlappa, U. Kumar, K. Zhou, S. Singh, M. Mourigal, V.
Strocov, A. Revcolevschi, L. Patthey, H. Rønnow, S.
Johnston et al., Probing multi-spinon excitations outside
of the two-spinon continuum in the antiferromagnetic spin
chain cuprate Sr2CuO3, Nat. Commun. 9, 5394 (2018).

[37] J. Li, L. Xu, M. Garcia-Fernandez, A. Nag, H. Robarts, A.
Walters, X. Liu, J. Zhou, K. Wohlfeld, J. van den Brink
et al., Unraveling the orbital physics in a canonical orbital
system KCuF3, Phys. Rev. Lett. 126, 106401 (2021).

[38] L. J. Ament, G. Ghiringhelli, M. M. Sala, L. Braicovich, and
J. van den Brink, Theoretical demonstration of how the
dispersion of magnetic excitations in cuprate compounds
can be determined using resonant inelastic X-ray scattering,
Phys. Rev. Lett. 103, 117003 (2009).

[39] C. Jia, K. Wohlfeld, Y. Wang, B. Moritz, and T. P.
Devereaux, Using RIXS to uncover elementary charge
and spin excitations, Phys. Rev. X 6, 021020 (2016).

[40] See Supplemental Material at http://link.aps.org/suppleme
ntal/10.1103/nyxb-nqtq for the X2C-CASSCF simulation
details, analysis of atomic orbitals, drivations for mixed-
polarization RIXS, and finite core-hole lifetime analysis,
which includes Refs. [41–47].

[41] F. A. Evangelista, C. Li, P. Verma, K. P. Hannon, J. B.
Schriber, T. Zhang, C. Cai, S. Wang, N. He, N. H. Stair, M.
Huang, R. Huang, J. P. Misiewicz, S. Li, K. Marin, Z. Zhao,
and L. A. Burns, Forte: A suite of advanced multireference
quantum chemistry methods, J. Chem. Phys. 161, 062502
(2024).

[42] M. Iliaš and T. Saue, An infinite-order two-component
relativistic Hamiltonian by a simple one-step transforma-
tion, J. Chem. Phys. 126, 064102 (2007).

[43] W. Liu and W. Kutzelnigg, Quasirelativistic theory. II.
Theory at matrix level, J. Chem. Phys. 126, 114107 (2007).

[44] W. Liu and D. Peng, Exact two-component Hamiltonians
revisited, J. Chem. Phys. 131, 031104 (2009).

[45] T. Saue, Relativistic Hamiltonians for chemistry: A primer,
Chem. Phys. Chem. 12, 3077 (2011).

[46] K. G. Dyall and K. Faegri, Introduction to Relativistic
Quantum Chemistry (Oxford University Press, New York,
2007).

[47] M. Reiher and A. Wolf, Relativistic Quantum Chemistry:
The Fundamental Theory of Molecular Science, 1st ed.
(Wiley, New York, 2014).

[48] M. Haverkort, Theory of resonant inelastic X-ray scattering
by collective magnetic excitations, Phys. Rev. Lett. 105,
167404 (2010).

[49] J. Schlappa, K. Wohlfeld, K. Zhou, M. Mourigal, M.
Haverkort, V. Strocov, L. Hozoi, C. Monney, S.
Nishimoto, S. Singh et al., Spin–orbital separation in the
quasi-one-dimensional Mott insulator Sr2CuO3, Nature
(London) 485, 82 (2012).

[50] C. E. Matt, D. Sutter, A. Cook, Y. Sassa, M. Månsson, O.
Tjernberg, L. Das, M. Horio, D. Destraz, C. Fatuzzo et al.,
Direct observation of orbital hybridisation in a cuprate
superconductor, Nat. Commun. 9, 972 (2018).

[51] J. Yang, H. Sun, X. Hu, Y. Xie, T. Miao, H. Luo, H. Chen, B.
Liang, W. Zhu, G. Qu et al., Orbital-dependent electron
correlation in double-layer nickelate La3Ni2O7, Nat. Com-
mun. 15, 4373 (2024).

[52] Z. Liu, M. Huo, J. Li, Q. Li, Y. Liu, Y. Dai, X. Zhou, J. Hao,
Y. Lu, M. Wang et al., Electronic correlations and partial
gap in the bilayer nickelate La3Ni2O7, Nat. Commun. 15,
7570 (2024).

[53] X. Chen, J. Choi, Z. Jiang, J. Mei, K. Jiang, J. Li, S.
Agrestini, M. Garcia-Fernandez, H. Sun, X. Huang et al.,
Electronic and magnetic excitations in La3Ni2O7, Nat.
Commun. 15, 9597 (2024).

[54] A. Aspect, J. Dalibard, and G. Roger, Experimental test of
Bell’s inequalities using time-varying analyzers, Phys. Rev.
Lett. 49, 1804 (1982).

[55] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and S.
Wehner, Bell nonlocality, Rev. Mod. Phys. 86, 419 (2014).

[56] In practice, RIXS measures the total photon count rather
than the absolute cross section, which introduces an overall
scaling factor that must be calibrated experimentally. This
normalization factor can be determined by comparing the
fully integrated RIXS intensity, or alternatively, the x-ray
absorption signal, with known canonical doping levels.
Importantly, this calibration effectively cancels the prefactor
f0 introduced in our formalism. For this reason, we present
the QFI FQ normalized by f0, allowing for more convenient
and dimensionless comparisons.

[57] A. J. Jenkins, H. Liu, J. M. Kasper, M. J. Frisch, and X. Li,
Variational relativistic two-component complete-active-
space self-consistent field method, J. Chem. Theory Com-
put. 15, 2974 (2019).

[58] Z. Shen, S. Ding, Z. Zhao, F. A. Evangelista, and Y. Wang,
Data for “Witnessing Spin–Orbital Entanglement using
Resonant Inelastic X-Ray Scattering,” figshare (2026),
10.6084/m9.figshare.31403538.

PHYSICAL REVIEW LETTERS 136, 116504 (2026)

116504-7

https://doi.org/10.1006/aphy.2002.6268
https://doi.org/10.1103/PhysRevA.79.012306
https://doi.org/10.1103/PhysRevX.15.011056
https://doi.org/10.1103/PhysRevA.49.4378
https://doi.org/10.1103/PhysRevA.49.4378
https://doi.org/10.1103/PhysRevB.54.4405
https://doi.org/10.1103/PhysRevB.54.4405
https://doi.org/10.1103/PhysRevLett.92.117406
https://doi.org/10.1038/s41467-018-07838-y
https://doi.org/10.1103/PhysRevLett.126.106401
https://doi.org/10.1103/PhysRevLett.103.117003
https://doi.org/10.1103/PhysRevX.6.021020
http://link.aps.org/supplemental/10.1103/nyxb-nqtq
http://link.aps.org/supplemental/10.1103/nyxb-nqtq
http://link.aps.org/supplemental/10.1103/nyxb-nqtq
http://link.aps.org/supplemental/10.1103/nyxb-nqtq
http://link.aps.org/supplemental/10.1103/nyxb-nqtq
https://doi.org/10.1063/5.0216512
https://doi.org/10.1063/5.0216512
https://doi.org/10.1063/1.2436882
https://doi.org/10.1063/1.2710258
https://doi.org/10.1063/1.3159445
https://doi.org/10.1002/cphc.201100682
https://doi.org/10.1103/PhysRevLett.105.167404
https://doi.org/10.1103/PhysRevLett.105.167404
https://doi.org/10.1038/nature10974
https://doi.org/10.1038/nature10974
https://doi.org/10.1038/s41467-018-03266-0
https://doi.org/10.1038/s41467-024-48701-7
https://doi.org/10.1038/s41467-024-48701-7
https://doi.org/10.1038/s41467-024-52001-5
https://doi.org/10.1038/s41467-024-52001-5
https://doi.org/10.1038/s41467-024-53863-5
https://doi.org/10.1038/s41467-024-53863-5
https://doi.org/10.1103/PhysRevLett.49.1804
https://doi.org/10.1103/PhysRevLett.49.1804
https://doi.org/10.1103/RevModPhys.86.419
https://doi.org/10.1021/acs.jctc.9b00011
https://doi.org/10.1021/acs.jctc.9b00011
https://doi.org/10.6084/m9.figshare.31403538

	Witnessing Spin-Orbital Entanglement Using Resonant Inelastic X-Ray Scattering
	Acknowledgments
	Data Availability
	References


